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Intro

Outline

▶ Setup
▶ Universal Optimality
▶ Nice Heaps
▶ Dijkstra + Nice Heaps
▶ Proof Intuition
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Setup

Single-Source Shortest Paths (SSSP)

▶ Input: (un)directed G , edge weights w , source node s

▶ Task (usually): compute distances from s
▶ but: fast algorithms exist: O(m

√
log n · log log n) for undirected [Dua+23], many

others for integer/bounded-ratio weights [FW93; FW94; Ram96; Ram97; Tho99;
Hag00; Tho00a; Tho00b; Tho04]

▶ Task (this talk): order vertices by distance from s
▶ Model: positive real weights, only comparisons and additions
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Setup

Lower Bound

needs log(n!) = Ω(n log n) comparisons

needs log(1) = 0 comparisons

=⇒ Some graphs are harder than others.
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Universal Optimality

Universal Optimality

▶ notion from distributed computing [GKP98; HWZ21]
▶ there, we have universally optimal algorithms for many problems (minimum spanning

trees, minimum cut, approximate shortest paths) [HWZ21; GZ22; Roz+22; Zuz+22]

▶ on every underlying unweighted graph G , A is worst-case optimal w.r.t. w

A is universally optimal if:

∃c ∀G ∀ correct A′

maxw TimeA(G , w) ≤

c·

maxw TimeA′(G , w)
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Nice Heaps

Nice Heaps

A heap is a data structure for storing a collection of items.
▶ Insert . . . insert a new item
▶ DeleteMin . . . delete and return the minimum
▶ Decrease . . . decrease item’s value

Idea: Can we sidestep the lower bound when the operations have structure?
▶ Long line of research for heaps & other data structures [ST85; Fre+86; Iac00;

Pet05; Elm06; Dem+07; EFI12; BHM13; EFI13; IÖ14; KS18; ST23]
▶ Splay trees: dynamic optimality conjecture [ST85; Iac13]
▶ No analogous conjecture for heaps
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Nice Heaps

Working-Set Bound
▶ Idea: be faster when there’s temporal locality

▶ Working-set bound: the cost of DeleteMin is O(log t)
where t = #operations since the item was inserted

Ins(999), Ins(999), . . . , Ins(999)︸ ︷︷ ︸
k−1

, Ins(1), Del, Ins(1), Del, Ins(1), Del, . . .

regular heap:
Θ(log(heap size)) = Θ(log k)

working-set heap:
O(log(item age)) = O(1)

▶ side result: we construct a working-set heap with O(1) Decrease

Our result: Dijkstra with any working-set heap is universally optimal.
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Dijkstra

Dijkstra + Nice Heaps

▶ Time complexity (with a fast heap): O(n + m + cost of all DeleteMins

︸ ︷︷ ︸
goal: make this small

)

s

▶ working-set heap: O(log(time since insertion)) = O(1)
▶ Fibonacci heap: O(log(heap size)) = O(1)
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Proof Intuition

Proof Intuition

s

▶ Pause Dijkstra at any time. B := |exploration boundary|.
▶ Claim: All B! possible orderings of the exploration boundary are possible.

( =⇒ the algorithm needs to do Ω(B log B) comparisons)

Richard Hladík Universal Optimality of Dijkstra via Beyond-Worst-Case Heaps FOCS 2024 11 / 23



Proof Intuition

Proof Intuition

s

▶ Claim: All B! possible orderings of the exploration boundary are possible.
▶ Proof: by picture.

Richard Hladík Universal Optimality of Dijkstra via Beyond-Worst-Case Heaps FOCS 2024 11 / 23



Proof Intuition

Proof Intuition

s

▶ Claim: All B! possible orderings of the exploration boundary are possible.
▶ Proof: by picture.

Richard Hladík Universal Optimality of Dijkstra via Beyond-Worst-Case Heaps FOCS 2024 11 / 23



Proof Intuition

Proof Intuition

s

▶ Claim: All B! possible orderings of the exploration boundary are possible.
▶ Proof: by picture.

Richard Hladík Universal Optimality of Dijkstra via Beyond-Worst-Case Heaps FOCS 2024 11 / 23



Proof Intuition

Proof Intuition

s

▶ Claim: All B! possible orderings of the exploration boundary are possible.
▶ Proof: by picture.

Richard Hladík Universal Optimality of Dijkstra via Beyond-Worst-Case Heaps FOCS 2024 11 / 23



Proof Intuition

Proof Intuition

s

How to finish the proof:
1. Charge some DeleteMins to this exploration boundary.
2. Continue recursively on left and right parts.
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Conclusion

Conclusion

Dijkstra +
working-set bound︷ ︸︸ ︷

nice heap is
universal optimality︷ ︸︸ ︷

optimal on every graph.

▶ There are islands where universal(-like) optimality works nicely:
distributed computing, data structures, sorting-based algorithms [DLM00; ABC17;
Hae+24; HRR24], sequential estimation [VV16; VV17; HLY21], bandit problems
[LR85; CL16; CLQ17; Kir+21; Li+22]

▶ Can we connect some of them?
▶ Can we find more?

Thank you!
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Two definitions of a working set

Definition 1: A heap has the weak working-set property if DeleteMin that deletes item x has
amortized cost O(log tx ) where tx is the number of operations elapsed between inserting and
deleting x .

Definition 2: A heap has the medium working-set property if DeleteMin that deletes item x
has amortized cost O(log |Wx |) where Wx is the maximum-cardinality set of items such that:
▶ all items in Wx were inserted (non-strictly) after x ,
▶ there was a moment in time where all items in Wx were simultaneously in the heap.

Claim: Definitions 1 and 2 are equivalent.
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